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The  c a l c u l a t i o n  of  the  t h e r m a l  s t r e s s e s  a t  the  s u r f a c e  and at  the  c e n t e r  of a c y l i n d e r  and a 
s p h e r e  i s  s u g g e s t e d  to  be c a r r i e d  out  wi th  the  use  of the  i n t e g r a l - m e a n  t e m p e r a t u r e  and the 
t e m p e r a t u r e  of the  c e n t e r ,  c o m p u t e d  t h r o u g h  the  m u l t i p l i c a t i o n  of  a p i e c e w i s e - l i n e a r  a p -  
p r o x i m a t i n g  s u r f a c e  t e m p e r a t u r e  by s p e c i f i c  c o e f f i c i e n t s .  

and 

F o r  the  d e t e r m i n a t i o n  of the  t h e r m a l  s t r e s s e s  in  a c y l i n d e r  and a s p h e r e  i t  i s  n e c e s s a r y  to know the  
d i s t r i b u t i o n  of  the  t e m p e r a t u r e  o v e r  tlhe c r o s s  s e c t i o n  [1]: 

1 a E  
~ - -  [[(1) - - t  (r)] - -  is the stress in the radial direction 

2 1 - - ~  

q ~ -  t-(l) @ 1 1 ~ -2- t (r) - -  t ( ---is the stress in the tangential 
- -  direction, 
aE 

c% [)-(1) - -  t (t~] - -  is the stress in the axial direction of the 
1 - -  ~ cylinder, 

2 aE 

3 1 - - f f  
[~(t) - -  ~ (~)] --- is the stress in the radial direction 

aE 
0"~:-- [ ~ r  (I) -[- - ~ 5  (1:)~ - -  f (r)] - -  is the stress in the tangential 

direction of the sphere. 

(1) 

The  p r o b l e m  of the  d e t e r m i n a t i o n  of the  h e a t i n g  of a c y l i n d e r  and a s p h e r e ,  u n d e r  a s u r f a c e  t e m p e r a -  
t u r e  which  v a r i e s  in  t i m e ,  can  be s o l v e d  n u m e r i c a l l y  by  the m e t h o d  of e l e m e n t a r y  b a l a n c e s .  The  s u b s e -  
quent  d e t e r m i n a t i o n  of the  s t r e s s e s  i s  a l s o  c o n n e c t e d  with n u m e r i c a l  c o m p u t a t i o n s .  B e c a u s e  of the  g r e a t  
l a b o r - c o n s u m i n g  c h a r a c t e r  of  such  c o m p u t a t i o n s ,  we m a k e  an  a t t e m p t  to d e v e l o p  a m e t h o d  of  c a l c u l a t i o n  
of  the  t h e r m a l  s t r e s s e s  which  a l l ows  us ,  o m i t t i n g  the  c o m p u t a t i o n  of the  t e m p e r a t u r e  f i e ld ,  to  f ind a t  once  
the  v a r i a t i o n  of the i n t e g r a l - m e a n  t e m p e r a t u r e  and the t e m p e r a t u r e  at  t he  c o n s i d e r e d  poin t  of the  c y l i n d e r  
o r  s p h e r e ,  n e c e s s a r y  fo r  the  d e t e r m i n a t i o n  of the  s t r e s s e s  as  a func t ion  of the  v a r i a t i o n  of the  s u r f a c e  
t e m p e r  a t u r e .  

It i s  known tha t  i f  the  s u r f a c e  t e m p e r a t u r e  of the c y l i n d e r  o r  the  s p h e r e  v a r i e s  s t e p - w i s e  f r o m  the  
i n i t i a l  u n i f o r m  t e m p e r a t u r e  (equal  to  z e r o  i n  c u r  c a s e )  to s o m e  c o n s t a n t  v a l u e ,  then  the  t e m p e r a t u r e  
f i e l d  o v e r  the  c r o s s  s e c t i o n  of the  c y l i n d e r  and the s p h e r e  i s  d e t e r m i n e d  by the  f o r m u l a  [2] 

A,~ - 2 A (~ j r )  . 
~ J1 (~n) ' ~n - -  are the roots of the 'function 10, for the cylinder, 

A,~ = 2 ( - -  I) ~+~ sing.~r _ ; ~t n = nr~--  for the sphere 
~tnr 

w h e r e  

T r a n s l a t e d  f r o m  [ n z h e n e r n o - F i z i c h e s k i f  Zhurna l ,  Vol .  17, No. 5, pp.  944-950 ,  N o v e m b e r ,  1969. 
O r i g i n a l  a r t i c l e  s u b m i t t e d  O c t o b e r  21, 1968. 

�9 1972 Consultants Bureau, a division of Plenum Publishing Corporation~ 227 [Vest 17th Street, New York, 
N, Y. 10011. All rights reserved. This article cannot be reproduced for any purpose whatsoever without 
permission of the publisher. A copy of this article is available from the publisher for $15.00. 

1443 



c~ 
0 

c~ > 

o 

o 
r..) 

o 

N 

r/1 

<.) 

% 
a 

I 

o 

o 

o 

> 

< 

oF 
--I 
o 

o 

c~ 

c~ 

~ 0  

0 0 0 0  

0 ~ 0  
~ 0 0 0  

0 0 0 0 ~  

0 0 0 0 ~ 0  

~ 0 ~ 0 0 0 0  

~ K ~ q q q ~ q R  
o o ~ o o 0 o 0 o o o  

=~aaaaaaa~a 
0 0 0 0 0 0 0 ~ 0 0 0 0  

a~a=aaq~a~aa 

a~a=qaa~a~aa 
0 0 0 0 0 0 0 0 ~ 0 0 0 ~ 0  

Q ~ q Q q q q q q q q ~  
0 0 0 0 0 0 0 0 0 ~ 0 0 0 0 0  

0 0 0 0 0 0 ~ 0 0 0 0 ~ 0 0 0 0  

q ~ q q ~ q q q ~ q q R q  

q ~ q q ~ q q q q q q R q ~  
0 0 0 0 0 0 0 0 0 ~ 0 ~ 0 0 0 0 0  

Q ~ % ~ q q ~ q ~ q q q q R ~ R q  

O O ~ O O O O O O O O O O O O O O O  
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  

o o o o o o o o o o o o o ~ o o o  
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  

q q R ~ q q q q q q q q q q q q ~ q q q ~ R R q q q ~  

aaaaaaq~qaaaaaaqRaRRR~aaaa  
0 0 0 ~ 0 0 ~ 0 0 0 0 ~ 0 0 0 0 ~ 0 0 ~ 0 0 ~ 0 0 0 ~  

q q q q q q q q q q q q q q q q Q ~ q q ~ q Q q ~ q q ~  
~ 0 ~ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 ~ 0 0 0 0 0 0 0 0  

1444 



! 

o 
~D 

0 

0 

0 

I 

a 

2 
0 ! 

0 ~ 

g~ 

; > o  
,xl 

�9 m 

<I 0 

~ q ~ q q q q . . .  

~w 

..... qRqqq 

o q R q q q q q q q q  

1445 



0 

p. 

c 
o 

o 
C) 

o 

0 

0 

N 

r ~  

N 

I 

m 

0 
o ,,..1 

o 

N 'r, 

~4 

N 

"4~ 

co L~ CO LO 0 CO 

c ~ S c ~ d c ~ d o  

C q L O ~ O 0 0 0 0  

o o o o o o o o o  

~ o ~ o o o  
~ 1 ~ o o o o o  

o o o o o o o o o  

~ o o o o o o  

o o o o o o o o o o  

o ~ o o o o o o  

o o o o o o o o o o o  

~ o ~ o o o o o o  
o ~ o o o o o o o o  

o o o o o o o o o o o o o  

o ~ o o o o o o o o o  

o o o o o o o o o o o o o o  

o ~ o o o o o o o o o o  

o o o o o o o o o o o o o o o  

~ o o o o o o o o o o  

o o o  

0 ~  ~ 0 0 0 0 0 0  

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  

q q q q q q q q q q q q q q q q q q q q q q q q q q  . 

o c o o 6 6 6 6 6 6 6 6 6 d 6 6 6 6 d 6 6 ~ S ~ S d d 6  

1446 



o 

o 

o 

0 

% 

m 

~A 
N 
�9 

N 

N 

N 
I 

7~ 
b~ N 

d 

N 

o 

d g ~ 

o 

O O O O O O  

O O O ~ O O  

~ o o o o o  
o o o ~ o o o ~  

~ o ~ o o o  

o O O O O O ~ O  

~ o o o o o o  
o ~ o ~ o o o o o  

o o o o  ~ q q q q ~ q q  

~ q ~ q q q R q q ~ q  

~ o ~ o o o o o o  ~ R q q q q q q q R  

~ ~ o o o o o o o  ~ q R q q q q q q q q  

~ o o o ~ o  

o o o o o o o o o o o o o o  

! dc~o  

L~_. d d d o  

c~o~o 

COCO 

~ d d ~ d ~ d ~ d d d ~ d o  

~ O O O O O O O O O O O O  
~ d d d ~ d d d d d d d d ~ S o  

d d ~ d d d d d d d d ~ d d ~ o  

~ O O O O O O O O O O O O O O O  

~ d d ~ d ~ d d ~ d d d d d d d d o  

m ~ o o o o o o o ~ o o o o o o o o  
d c ; d ~ d ~ d ~ d d d ~ d E d d d d o  

~ O O O ~ O O O O O O O O O O O ~ O O  

d d d d ~ d d d d ~ d d d ~ d ~ d d d d d o  

~ d ~ d ~ d d d d d d ~ d d d d d d d d d d o  

d d ~ d d d d d ~ d d d d d ~ d d d d d d d d d d ~ d o  

~ q ~ q ~ R q R ~ R q q q q ~ R R q q q ~ q q ~ q q  

O O O O O O O O O O O O O O O O ~ O ~ O O O O O O O O O  

1447 



The problem of the de te rmina t ion  of the heating of the cyl inder  and the sphere  for  a sur face  t e m p e r a -  
ture  va r i ab le  in t ime  can be solved on the bas i s  of the re la t ion  (12) by applying Duhamel ' s  t heo rem.  Thus,  
if  the en t i re  t h e r m a l  p r o c e s s  is  decomposed  into equal t ime  in te rva l s  in each  of which the init ial  t e m p e r a -  
tu re  is  given as a l inear  function, i .e. ,  

u n  §  

m - -  ~w ( '~ - -  q : m - 1 ) ,  G = t~- '  q- h~ 

then (the t e m p e r a t u r e  at the junction points of the computat ion in te rva l s  does not va ry  step-~wise) the in-  
c r e a s e  of the t e m p e r a t u r e  at an a r b i t r a r y  point of the cyl inder  (sphere) ,  and of the i r  i n t eg r a l -mean  t e m p e r a -  
tu re  is  equal to: 

t i = t~B o at the end of the first, 
1 2 t = t . B  i + t~Bo at the end of the second, 

(3) 
. . . . .  . o . . . . . . . . . 

i 

J i  Z m B  

m = l  

at the end of the i - t h  t ime  in te rva l .  Here  

B e =  [~ A~ 1 - -  hFo~t~ q- hFolx------~ 
/~=I  ' 

Z 1x2 ' 2. A~ [ e ~  (t--~--l)aFo __ 2 e -  '~ (~-m)a~o q_ e-~n(~-m+l)azo]; 
Bi,2.. ,(r = AF-oo~ 

n ~ l  

A~ 4 J1 (~t~F) 
r ~ d 1 (~)  

fo r  the i n t e g r a l - m e a n  t e m p e r a t u r e  of the cy l inder  of radius  ~; 

[lnr ~tn 

for  the i n t e g r a l - m e a n  t e m p e r a t u r e  of the sphere  of radius  F; the exp res s ions  of A n for  the t e m p e r a t u r e  at the 
point of rad ius  r a r e  given as  c la r i f ica t ions  to the fo rmu la  (2). 

The coeff ic ients  Bi_ m,  necessary- for  the de te rmina t ion  of the cen te r  t e m p e r a t u r e  and of the in t eg ra l -  
mean  t e m p e r a t u r e  o v e r  the volume of the en t i re  cyl inder  and sphere ,  we have computed for  di f ferent  
va lues  of the computat ion in te rva l s  AFo and the i r  values  fo r  (i-m) = 0-50 a re  given in Tables  1-4, which 
allow the de te rmina t ion  of the t h e r m a l  s t r e s s e s  at the su r faces  and in the cen te rs  of the cyl inder  and the 
sphe re .  

The r e su l t s  obtained by the given method coincide with the r e su l t s  obtained on the bas i s  of the exact  
analyt ic  solution of the heat conduction equations in the case  of constant  boundary conditions of the third 

kind. 

In conclusion,  it should be noted that  the suggested method can be extended a lso  to bodies  of o t h e r f o r m .  

r =  r / R  
OL 

E 
d 

T 

a 

Fo = aT/R2; 
AFo = cAT/R2; 
t(r-3 
t(0) 
tw 

"t(1), t(r) 

N O T A T I O N  

is the re la t ive  coordinate;  
is  the coefficient  of l inear  expansion; 
is the modulus of e las t ic i ty ;  
is  P o i s s o n ' s  ratio; 
is  the t ime;  
is  the spec i f ic  t h e r m a l  diffusivity; 

i s  the t e m p e r a t u r e  as a function of the radius;  
is  the t e m p e r a t u r e  of the center ;  
is the su r f ace  t empe ra tu r e ;  

k 

a re  the i n t e g r a l - m e a n  t e m p e r a t u r e s  defined as-t(k) = 2 / k  2 f t ( r ) r d r  for  
0 
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J0 
Ji 

la 
2. 

k 

the cylinder andT(k) = 3 /k  3 j" t(r)r2d-r for the sphere; 
0 

is the zero order Bessel function of the f irst  kind; 
is the f irst  order Bessel function of the f irst  kind. 
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